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Table 2 Deflection bounds on modes 1 and 2

I Mode, 600 segments, 2 iterations

[1 Mode, 600 segments, 2 iterations

Station Runge-Kutta Runge-Kutta

X/R UB method LB UB method LB

0.0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.2 0.0871 0.0871 0.0871 —0.2878 —0.2888 —0.2898
0.4 0.2738 0.2738 0.2738 -0.6273 —0.6336 —0.6400
0.6 0.5023 0.5023 0.5023 -0.5144 -0.5393 —0.5641
0.8 0.7485 0.7485 0.7485 0.1759 0.0916 0.0072
1.0 1.000018 1.0000 0.999982 1.2648 1.0000 0.7352

some point on the structure. In the present case a unit tip
amplitude of the rotor is specified. In terms of bounds on the
transfer matrix elements, bounds on the deflection mode
shape W (x) are given by

PN

W(x) ={5054/D~11433/ D where D=1505,— 1,403
D=

W(x)=1,3034/D~1,,033/D Fp5b3a—ratss

and

b>0 13)

Note that all upper bounds transfer matrices are evaluated
at the upper bound frequency for that mode. Slightly different
expressions obtained by using rules given in Ref. 12 are
used for the mode shape if D is negative. Bounds for modes 1
and 2 are compared with a Runge-Kutta solution in Table 2.
Bounds on the preceding frequencies can also be obtained by a
procedure given in Ref. 15, but the method does not provide
bounds on the corresponding mode shape which one can
obtain by the present approach.
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Rocket Nozzle Damping Characteristics
Measured Using Different Experi-
mental Techniques

B. A. Janardan®* and B. T. Zinnt}
Georgia Institute of Technology, Atlanta, Ga.

Introduction

N linear stability considerations of rocket motors, it is

customary to evaluate the effect of the nozzle on the
growth or decay rate of a small-amplitude oscillation inside
the combustor by determining the nozzle decay coefficient.
When the nozzle is the only factor that affects the combustor
oscillation, the temporal behavior of the oscillation in terms
of the nozzle decay coefficient oy can be expressed in the
following form:

P,(z,t) =P(2)e @n? 4 fiun

To date, several experimental techniques have been developed
for the determination of the values of oy of rocket nozzles. It
is the objective -of this investigation to determine the decay
coefficient ay of a small-scale solid rocket exhaust nozzle by
all of the available experimental methods and to compare the
data so obtained with one another and with available em-
pirical and theoretical nozzle damping data. The measured
data are presented in this note, together with a brief review of
the techniques used to measure o y.

Experimental Techniques

An apparatus commonly employed to measure the rocket
nozzle damping data is illustrated in Fig. 1. It consists of a
simulated cold flow chamber with the test nozzle at one end
and an injector plate at the other end. Using this apparatus,
the nozzle damping characteristics have been measured
employing several techniques.'* These are referred to as the
wave-attenuation, frequency-response, and standing-wave
methods. These methods are reviewed briefly below, together
with a discussion on their applicability for the determination
of N+
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Wave-Attenuation Method

In the wave-attenuation or decay technique,! a standing-
wave pattern at the frequency of one of the natural modes of
the simulated combustor is excited in the simulated combustor
containing a one-dimensional mean flow. During a test, the
time history of the pressure amplitude at a given location is
measured continuously after switching off the acoustic driver,
and from these data the nozzle decay coefficient is deter-
mined. Implied in this measurement technique* is the
assumption that the mode shapes of the simulated chamber
are not very much different from the closed-chamber mode
shapes. This is true only for small values of mean flow Mach
number and chamber end admittances. In addition, it is
assumed that the acoustic attenuation associated with the
injector end of the chamber is negligible and that the observed
decay is due solely to the nozzle.

Frequency-Response Method

In the frequency-response or steady-state resonance
technique,' an acoustic wave of a known frequency is excited
in the simulated cold-flow combustor. The frequency of the
oscillations is varied slowly over a range of frequencies,
starting with a frequency below one of the resonant
frequencies of the chamber and ending at a frequency above
the chosen resonant frequency. The amplitudes of the
resulting pressure oscillations at a given location are measured
and plotted as a function of the frequency. From the shape of
the resulting acoustic response curve, the nozzle decay
coefficient at the chosen resonant frequency is deterimined by
a procedure described in Ref. 4. This method assumes that the
acoustic output of the driver is independent of the frequency,
a situation rather difficult to achieve in practice. In addition,
the application of this method is limited to nozzle con-
figurations whose admittances vary slowly with frequency.

Standing-Wave Method

In the standing-wave or modified impedance-tube
method??® a standing wave of the desired frequency is
superimposed on the mean flow present in the simulated
rocket combustor. The nozzle admittance is determined by
measuring the axial distribution of the amplitudes and/or
phases of the resulting steady-state standing wave. The nozzie
decay coefficient then is determined by substituting the
measured admittance into the expressions derived by Cantrell
and Hart.® The standing-wave method, unlike the other two
methods just mentioned, is not restricted to the determination
of nozzle damping data at the resonant frequencies of the
simulated chamber only. In addition, this method has none of
the limitations of the frequency-response and wave-
attenuation techniques.

Results

During this investigation, the frequency dependence of the
decay coefficients of a geometrically similar small-scale solid
rocket nozzle has been measured independently employing the
three earlier mentioned techniques. The test configuration,
shown in Fig. 1, has a nozzle area ratio J (defined as the ratio
of the nozzle throat area to the chamber cross-sectional area)
equal to 0.138. The measured data have been obtained under
cold flow conditions and over a frequency range of 50 to 400
Hz. The details of the experimental facility are given in Refs.
2 and 3.

The measured frequency dependence of the non-
dimensional decay coefficient Ax of the small-scale nozzle is
presented in Fig. 2 as a function of the nondimensional
frequency F. The quantities Ay and F are defined as
Av=anLc/¢ and F=2xfL /¢, where f is the test frequency
in Hertz, L and Ly are, respectively, the lengths of the
combustor and the convergent section of the nozzle, and ¢ is
the steady-state velocity of sound. An examination -of Fig. 2
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Fig.2 Nondimensional decay coefficients of the test nozzle.

indicates that, although all of the measurement techniques
yield values of Ay of comparable magnitudes, the nozzle
decay data obtained using the standing-wave technique are
lower than those measured during the frequency-response and
wave-attenuation tests. This observed difference in the decay
coefficients is not unexpected in view of the limitations and
assumptions involved with the use of the frequency-response
and wave-attenuation methods. As stated earlier, the
frequency-response and wave-attenuation measurement
techniques are based upon the assumption that the observed
decay is due solely to nozzle damping and that the acoustic
attenuation associated with the injector end of the chamber is
negligible. This is rather a questionable assumption, par-
ticularly when the measured decay data are small in
magnitude, as is the case in the present investigation. ‘

For comparison, the nozzle decay coefficient calculated by
using the empirical relation Ay = —J, obtained by Buffum et
al.,! also is shown in Fig. 2. It needs, however, to be pointed
out that this empirical relation was arrived at from damping
data of short nozzles measured by the use of the frequency-
response and wave-attenuation methods. Furthermore, the
damping data of Ref. 1 were measured only at the first
longitudinal resonant frequency of the simulated motor
chamber. Indeed, an examination of Fig. 2 indicates that, at
the fundamental (i.e., IL), resonant frequency of the
simulated combustor, the decay data measured during the
present investigation by the use of frequency-response and
wave-attenuation methods agree with Buffum’s data. '

Figure 2 also contains a comparison of the measured data
with the theoretical predictions of Ref. 6. Assuming that the
convergent section of the nozzle is short relative to the
wavelength and that the nozzle flow in it is both isoenergetic
and isentropic, Ref. 6 uses a quasisteady theory to derive an



444 ' AIAA JOURNAL

expression for the short nozzle admittance that is frequency
independent. Substituting this expression for the nozzle
admittance into the relationship derived by Cantrell and
Hart,> the theoretical formula Ay=—M (y+1)/2 is ob-
tained, where v is the specific heat ratio and M is the mean
flow Mach number in the chamber. Letting y=1.4, the
theoretically predicted value of Ay for the test nozzle has been
calculated, and it also is presented in Fig. 2. A comparison of
the predicted and measured values of Ay shows that the
predicted data are lower than the corresponding measured
values and that the data obtained from the standing-wave
method are in best agreement with the theoretical predictions.

It is believed that the main reason for the observed
discrepancy between the theoretical and experimental results
is that the cross-sectional areas of the combustor and the test
nozzle are not equal in the experimental setup (see Fig. 1 for
details). Consequently, the flow stream separates from the
simulated chamber walls at some location upstream of the
nozzle entrance plane which results in a nonuniform steady
flow region just upstream of the nozzle entrance plane. This
region may result in additional attenuation that is reflected in
the measured values of Ay. The losses associated with the
nonuniform flow region are not accounted for in the
theoretical analysis of Ref. 6, and hence the predicted value of
Ay accounts for damping provided by the nozzle only.

It obviously is desirable to have the capability for
separating the acoustic losses associated with the nozzle and
the region of nonuniform flow just upstream of the nozzle
entrance. One way to obtain such data is to compare the data
reported in this note with decay data obtained when the tested
nozzle smoothly connects into the simulated combustor. As
no such tests were conducted during this investigation, the
aforementioned comparison cannot be carried out. However,
useful observations can be made by considering the data
reported in Ref. 2. In this study, the admittances of a family
of liquid rocket nozzies whose entrance areas equaled the
cross-sectional area of the simulated combustor have been
measured and compared with the theoretical predictions of
the Crocco’s nozzle admittance theory.” An examination of
the data presented in Ref. 2 (i.e., see Figs. 4-6 of Ref. 2) in-
dicates a good agreement between the theoretically predicted
and experimentally measured data.

The predictions of Crocco’s nozzle admittance theory
asymptotically approach those of the quasisteady short nozzle
theory in the limit when the length of the convergent section
of the nozzle is much smaller than the wavelength of the
oscillation. Hence, the observed agreement? between the
measured and predicted nozzle admittance data throughout
the frequency range strongly suggests that the short nozzle
theory also can be expected to predict the acoustic charac-
teristics of short nozzles that smoothly connect with the
combustor. This discussion also suggests that the observed
discrepancy between the measured and predicted data can be
due to the manner in which the nozzle is attached to the
combustor. This further indicates that caution must be
exercised whenever available theories are used to predict the
admittances and decay data of nozzles having complex
geometries in the vicinity of the nozzle entrance plane.
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Numerical Solution for Subcritical
Flows by a Transonic Integral
Equation Method

Wandera Ogana*
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Introduction

HE integral equation for two-dimensional transonic

flows!? involves a singular kernel. Numerical solution of
the equation has been attempted by various methods.?” A
major computational challenge concerns the proper treatment
of the singular kernel so as to represent accurately the con-
tribution from the double integral. In some schemes, >3 the
double integral is reduced to a line integral over the airfoil by
representing the transverse variation of the velocity in terms
of the velocity on the airfoil surface, using an arbitrary ap-
proximation function that attenuates away from the airfoil.
Solutions are obtained only on the airfoil. Radbill* and
Nixon®’ extend the idea of approximation functions to enable
computation of flow field values.

For the method presented in this article, the region of in-
tegration is divided into closed rectangular elements, and the
velocity is taken to be constant in each element. The integral
equation is then reduced to a matrix equation solvable by
some suitable iteration scheme.

Derivation and Solution of the Matrix Equation

Let & be the thickness ratio of a thin airfoil, in the physical
rectangular coordinates (x,y), whose upper profile is
described by y=Y, (x) and lower profile by y=Y _ (x). For
a freestream Mach number, M,<1I, and a transonic
similarity parameter, K= (1 —MZ2) /M%38?/3, the coordinate
transformations, x=x and y=(1 —MZ%) "y, enable the in-
tegral equation to be written in the form!

u(x,y) =ug(xy) +vu’(x,y)+ S SS k(E—x,t—y)u?(£,)dS
)
where
_ E0--n?
[ (E~x)2+ (F-n717

v=(I/7) arctan () (2b)
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k(E=x{—y)= (2a)



